SIGNATURES OF HERMITIAN FORMS AND THE KNEBUSCH TRACE 

FORMULA 



VINCENT ASTIER AND THOMAS UNGER 

Abstract. Signatures of quadratic forms have been generalized to hermitian forms 
over algebras with involution. In the literature this is done via Morita theory, which 
causes sign ambiguities in certain cases. In this paper, a hermitian version of the 
Knebusch Trace Formula is established and used as a main tool to resolve these am- 
biguities. 



1. Introduction 

In this paper we study signatures of hermitian forms over central simple algebras 
with involution of any kind, defined over formally real fields. These generalize the 
classical signatures of quadratic forms. 

Following [3] we do this via extension to real closures and Morita equivalence. This 
leads to the notion of M-signature of hermitian forms in Section 13.21 We study its 
properties, make a detailed analysis of the impact of choosing different real closures 
and different Morita equivalences and show in particular that sign changes can occur. 
This motivates the search for a more intrinsic notion of signature, where such sign 
changes do not occur. 

In Section [331 we define such a signature, the //-signature, which only depends on 
the choice of a tuple of hermitian forms, mimicking the fact that in quadratic form 
theory the form (1) always has positive signature. The //-signature generalizes the 
definition of signature in [3 ] and is in particular well-defined when the involution be- 
comes hyperbolic after scalar extension to a real closure of the base field, addressing 
an issue with the definition proposed in 

Our main tool is a generalization of the Knebusch Trace Formula to M-signatures 
of hermitian forms, which we establish in Section [5] In Section [7] we show that the 
total //-signature of a hermitian form is a continuous map and in Section [8] we prove 
the Knebusch Trace Formula for //-signatures. 

2. Preliminaries 

2.1. Algebras with Involution. The general reference for this section is IfTTl Chap- 
ter I]. 
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Let F be a field of characteristic different from 2. An F -algebra with involution is 
a pair (A, cr) consisting of a finite-dimensional F-algebra A with centre Z(A) and an 
F-linear map cr : A — » A such that cr(xy) = cr(y)cr(jc) f° r ai l x, y e A and cr 2 = id^. The 
involution cr is either of the first kind or of ?/ze second kind. In the first case A is simple, 
Z(A) = F and <x| F = idf. In the second case there are two possibilities: either A is 
simple, Z(A) = K = F{ Vrf) for some d e F x and cr|^ is the nontrivial F-automorphism 
of K, or (A, cr) a {B x B°p,-) with 5 a simple F-algebra, Z(A) * FxF a double-field 
and"- the exchange involution, defined by (x,v op ) = (y,x op ) for all x,y e fi. We call 
(A, cr) degenerate if it is isomorphic to (B x 5 op ,-~-). 

Consider the F-subspaces 

Sym(A, cr) = {a e A | <x(a) = a} and Skew(A, cr) = {a e A | <x(a) = -a} 

of A. Then A = Sym(A, cr) © Skew(A, cr). Assume that cr is of the first kind. Then 
dim f (A) = m 2 for some positive integer m. Furthermore, cr is either orthogonal 
(or, of type +1) if dim F Sym(A, cr) = m(m + l)/2, or symplectic (or, of type -1) if 
dim/r Sym(A, cr) = m(m - l)/2. If cr is of the second kind, then dim f (A) = 2m 2 for 
some positive integer m and dim F Sym(A, cr) = dim F Skew(A, cr) = m 2 . Involutions of 
the second kind are also called unitary. 

Let cr and t be two involutions on A that have the same restriction to Z(A). By the 
Skolem-Noether theorem they differ by an inner automorphism: 

r = Int(w) o cr 

for some u e A x , uniquely determined up to a factor in F x , such that cr(u) = u if cr and 
r are both orthogonal, both symplectic or both unitary and cr(u) = -u if one of cr, r is 
orthogonal and the other symplectic. Here Int(w)(jc) := uxu~ x for x e A. 

2.2. e-Hermitian Spaces and Forms. The general references for this section are IfTOl 
Chapter I] and |[T9l Chapter 7], both for rings with involution. Treatments of the central 
simple and division cases can also be found in [6]| and lfT4ll . respectively. 

Let (A,cr) be an F-algebra with involution. Let s e {-1,1}. An s-hermitian space 
over (A, cr) is a pair (M, h), where M is a finitely generated right A-module (which is 
automatically projective since A is semisimple) and h : M x M — > A is a sesquilinear 
form such that h(y, x) = ecr(h(x, y)) for all x, y 6 M. We call (M, h) a hermitian space 
when e = 1 and a skew -hermitian space when e = -1. If (A, cr) is a field equipped with 
the identity map, we say (sfew-) symmetric bilinear space instead of (skew-) hermitian 
space. 

Consider the left A-module M* = Hom A (M, A) as a right A-module via the involu- 
tion cr. The form h induces an A-linear map h* : M — » M*, x h-> /z(x, •)• We call (M, /z) 
nonsingular if /z* is an isomorphism. All spaces occurring in this paper are assumed to 
be nonsingular. We often simply write h instead of (M, h) and speak of a form instead 
of a space. 

If A = D is a division algebra (so that M ^ D n for some integer n) such that 
(D,cr,s) ± (F, id F , -1), then h can be diagonalized: there exist invertible elements 
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a i , . . . , Cl n e Sym(Z), cr) such that, after a change of basis, 

h(x,y) = 2^ o~(Xi)aiyu Vx,y e D n . 
1=1 

In this case we use the shorthand notation 

h = (ai, . . . ,a„)o-, 

which resembles the usual notation for diagonal quadratic forms. If A is not a division 
algebra we can certainly consider diagonal hermitian forms defined on free A-modules 
of finite rank, but some hermitian forms over (A, cr) may not be diagonalizable. 

Witt cancellation and Witt decomposition hold for e-hermitian spaces over (A, cr). 
Let W E (A, cr) denote the Witt group of Witt classes of e-hermitian spaces over (A, cr). 
When s = 1 we drop the subscript and simply write W(A, cr). We denote the usual 
Witt ring of F by W(F). We find it convenient to identify forms over (A, cr) with their 
classes in W E (A, cr). 

Lemma 2.1. Let (A, cr) be an F -algebra with involution. 

(i) If cr is of the first kind, thenW-\(A,cr) - W(A,t) for some involution r of opposite 
type to cr. 

(ii) If cr is of the second kind, then W_i(A, cr) - W(A, cr). 
(Hi) If(A,cr) is degenerate, then W(A,cr) = 0. 

Proof, (i) Let u 6 A x be such that cr(u) = -u and define t := Int(w) o cr. Let He a 
skew-hermitian form over (A, cr). Then uh is a hermitian form over (A, r). The one-to- 
one correspondence h \-* uh respects isometries, orthogonal sums and hyperbolicity 
and so induces the indicated isomorphism. 

(») Let u 6 Z(A), u 4- be such that cr(u) = -u. For example, let u = ^[d if 
Z(A) = F( yfd) and let u = (-1, 1) if Z(A) F x F. The one-to-one correspondence 
h i-> uh induces the indicated isomorphism. 

(Hi) Assume that (A, cr) =* (B x B op ,"~) and let /i : M x M 5 x 5 op be hermitian 
with respect to—. Let e x = (1,0) and e 2 = (0, 1). Then M = M Y ® M 2 with M, := Me { 
(i =1,2) and h is hyperbolic since h\ MlxM] = and Mf = M u which can be verified 
by direct computation. ■ 

In view of Lemma \2.\[ iii) degenerate F-algebras with involution are not interest- 
ing in the context of this paper. Therefore we redefine F-algebra with involution to 
mean non-degenerate F-algebra with involution. Observe that such an algebra with 
involution may become degenerate over a field extension of F. 

2.3. Adjoint Involutions. The general reference for this section is [fTTl 4. A]. 

Let (A, cr) be an F-algebra with involution. Let (M, h) be an g-hermitian space over 
(A, <t). The algebra End A (M) is again simple with centre Z(A) since M is finitely 
generated [fTTl 1.10]. The involution ad/, on End^M), defined by 

h(x,f(y)) = h(ad h (f)(x),y), Vx,y eM,V/e End A (M) 
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is called the adjoint involution of h. The involutions cr and ad/, are of the same kind 
and o-(a) = ad/, (a) for all a e Z(A). In case ad/, and cr are of the first kind we also have 

type(ad/,) = e type(cr). 

Furthermore, every involution on End A (M) is of the form ad/, for some e-hermitian 
form h over (A, cr) and the correspondence between ad h and h is unique up to a multi- 
plicative factor in F x in the sense that ad/, = ad^/, for every A £ F x . 

Let (A, cr) be an F-algebra with involution. By a theorem of Wedderburn there 
exists a division algebra D (unique up to isomorphism) with centre Z(A) and a finite- 
dimensional right D-vector space V such that A =* End/)(V). Thus A M m (D) for 
some positive integer m. Furthermore there exists an involution on D of the same 
kind as cr and an e -hermitian form (p over (D,-&) with e 6 {-1, 1} such that (A,cr) 
and (End D (V), ad Vo ) are isomorphic as algebras with involution. In matrix form ad Vo is 
described as follows: 

ad„ (X) = ^(X)%\ VX G M,„(D), 

where &'(X) : = (#(jc/ ; -)) f for X = (xtj) and <D 6 GL,„(D) is the Gram matrix of ipo. 
Thus #'(0o) = £o5V 

2.4. Hermitian Morita Theory. We refer to d §1], 0, [0 Chapters 2-3], OH 
Chapter I, §9], or IfTSI for more details. 

Let (M, /z) be an e-hermitian space over (A, cr). One can show that the algebras 
with involution (End A (M), ad/,) and (A, cr) are Morita equivalent: for every // 6 {-1, 1} 
there is an equivalence between the categories J^XEnd^M), ad/,) and Jf EfI (A, cr) of 
non-singular //-hermitian forms over (End^CM), ad/,) and non-singular e/i-hermitian 
forms over (A, cr), respectively (where the morphisms are given by isometry), cf. IfTOl 
Chapter I, Theorem 9.3.5]. This equivalence respects isometries, orthogonal sums and 
hyperbolic forms. It induces a group isomorphism 

^(End A (M),ad/,)-W £/ ,(A,cr). 

The Morita equivalence and the isomorphism are not canonical. 

The algebras with involution (A, cr) and (D, #) are also Morita equivalent. An ex- 
ample of such a Morita equivalence is obtained by composing the following three 
non-canonical equivalences of categories, the last two of which we will call scaling 
and collapsing. For computational purposes we describe them in matrix form. We 
follow the approach of IfTTll : 

scaling , collapsing 

Jt? s (A,cr) — > jT s (M m (D),adJ > ^ £0£ (M m (D),# f ) > J? £oE (D,{r). (1) 

Scaling: Let (M, h) be an e-hermitian space over (M m (D), ad Vo ). Scaling is given by 

(M,h)^{M,% l h). 

Note that Oq 1 is only determined up to a scalar factor in F x since ad yo = ad^ for any 
A 6 F x and that replacing <D by /KD results in a different Morita equivalence. 
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Collapsing: Recall that M m (D) End D (D m ) and that we always have M (D m ) k 
M k m (D) for some integer k. Let h : M x M — > M m (D) be an £ £-h erm itian form with 
respect to Then 

h{x,y) = tf(x)By, Vx,y 6 M hm (D), 

where B e M k (D) satisfies & ! (B) = s sB, so that B determines an e ^-hermitian form 
b over (D, &). Collapsing is then given by 

(M,h) i — > (D k ,b). 

3. Signatures of Hermitian Forms 

3.1. Signatures of Forms: the Real Closed Case. Let R be a real closed field, C = 
7?(V-1) (which is algebraically closed) and // = (-1,-1)« Hamilton's quaternion 
division algebra over R. We recall the definitions of signature for the various types of 
forms (all assumed to be nonsingular) over R,C,RxR and H. We will use them in the 
definition of the M-signature of a hermitian form over (A, a) in Section I3T2] 

(a) Let b be a symmetric bilinear (or quadratic) form over R. Then b - {a\,..., a n ) 
for some neN and a,- e {-1,1}. We let 

n 

signZ? := ^ a,-. 

i=l 

By Sylvester's Law of Inertia, signZ? is well-defined. 

(b) Let b be a skew- symmetric form over 7?. Then £ is hyperbolic and we let 

sign£ := 0. 

(c) Let h be a hermitian form over (C, -), where V-T = - V-T. Then h ^ (a\, . . . ,a n )- 
for some neN and a, e {-1, 1}. By a theorem of Jacobson 0, /z is up to isometry 
uniquely determined by the symmetric bilinear form bh '■= 2 X (a\, . . . , a n ) defined 
over R. We let 

sign ft := -signft,, = signal, . . . , a n ). 

(d) Let He a hermitian form over (R x R,~~~), where (x,y) = (y,x) is the exchange 
involution. Then h is hyperbolic by Lemma fTJl iii) and we let 

sign/i := 0. 

(e) Let h be a hermitian form over (//, -), where - denotes quaternion conjugation. 
Then h (ori, . . . , or„)_ for some heI and a, 6 {-1, 1}. By a theorem of Jacobson 
0, h is up to isometry uniquely determined by the symmetric bilinear form b/, : = 
4 x (a\, . . . , a n ) defined over R. We let 

sign h := 7 sign^ = sign<ari, . . . ,a n ). 
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(f) Let h be a skew-hermitian form over (H, -), where - denotes quaternion conjuga- 
tion. Then h is a torsion form |[T9l Chapter 10, Theorem 3.7] and we let 

sign/z := 0. 

Remark 3.1. The signature maps defined in (a), (c) and (e) above give rise to unique 
group isomorphisms 

W(R) * Z, W(C, -) * Z, and W(H, -) « Z 

such that sign(l) = 1, sign(l)_ = 1 and sign(l)_ = 1, respectively. In addition, we 
have the group isomorphisms 

W-!(R, id*) = W(R x R,~) = 0, W- X (H, -) a Z/2Z. 

See also [10, Chapter I, 10.5]. 

3.2. The M-Signature of a Hermitian Form. Our approach in this section is inspired 
by [El §3. 3, §3.4]. We only consider hermitian forms over (A, cr), cf. Lemma 1270 

Let F be a formally real field and let (A, cr) be an F- algebra with involution. Con- 
sider an ordering P e X F , the space of orderings of F. By a raz/ closure of F at P 
we mean a field embedding i : F —* K, where K is real closed, i(P) c A -2 and A" is 
algebraic over t(F). 

Let be a hermitian form over (A, cr). Choose a real closure i : F — » Fp of F at P, 
and use it to extend scalars from F to F/>: 

VK(A, cr) W(A ® F F P , o- ® id), h^h®F P := (id A ® t) 4 (/j), 

where the tensor product is along t. The extended algebra with involution {A® F F P , cr® 
id) is Morita equivalent to an algebra with involution (D P , ft P ), chosen as follows: 

(0 If cr is of the first kind, D P is equal to one of F P or H P := (-l,-l) Fp . Furthermore, 
we may choose (D P , & P ) = (F P , id Fp ) in the first case and (D P , & P ) = (H P , -) in 
the second case by Morita theory (scaling). 
(//) If cr is of the second kind, recall that Z(A) = F(yd). Now if d < P 0, then 
D P is equal to F P ( V-T), whereas if d > P 0, then D P is equal to F P x F P and 
A ® F F P is a direct product of two simple algebras. Furthermore, we may choose 
(D P , tip) = (F P ( V^T), -) in the first case and (D P , & P ) = (F P x F P ,-~) in the 
second case, again by Morita theory (scaling). 

Note that § P is of the same kind as cr in each case. 

The extended involution cr <g>id F;j is adjoint to an sp-hermitian form tp P over (D P , & P ) 
where s P = -1 if one of cr and & P is orthogonal and the other is symplectic, whereas 
e P = 1 if cr and & P are of the same type, i.e. both orthogonal, symplectic or unitary. 

Now choose any Morita equivalence 

J{ : MA ® F F P , cr ® id) — > J^ £p (D P , & P ) (2) 

with (D P , § P ) e {(F P , id Fp ), (Hp, -), (F P ( V 3 !), -), (F P x F P ~)}, which exists by the 
analysis above. This Morita equivalence induces an isomorphism, which we again 
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denote by 

j# : W(A ® F F P , a ® id) W £p (D P , # P ). (3) 

Definition 3.2. Let P e X F . Fix a real closure i : F — » F P of F at P and a Morita 
equivalence as above. Define the M-signature ofh at (i, ./#), denoted sign^ /z, as 
follows: 

sign; # /z : = sign ^(/z <g> F P ), 

where sign M(h <S> F P ) can be computed as shown in Section |3~T1 

This definition relies on two choices: firstly the choice of the real closure l : F — » F P 
of F at F and secondly the choice of the Morita equivalence Note that there is no 
canonical choice for j$ . We now study the dependence of the M-signature on the 
choice of i and M. 

Let L\ : F — » Li and i 2 : F — » L 2 be two real closures of F at F, and let (D\, #i) and 
ei play the role of (D P , # P ) and e P , respectively, obtained above when i is replaced by 
L\. Let 

JC\ : J^A ® F L u a® id) — > Jd(A, #i) 

be a fixed Morita equivalence. By the Artin-Schreier theorem IfT^l Chapter 3, Theo- 
rem 2.1] there is a unique isomorphism p : L\ —* L 2 such that poj, = i 2 . It extends 
to an isomorphism id <g> p : (A <8> F L\, cr <8> id) — » (A <8> P L 2 , cr <S> id). The isomorphism 
p also extends canonically to D\ e {Li,(— 1, -l)/, 1 ,Li( y-\),L\ x Li}. Consider the 
L 2 -algebra with involution {D 2 ,& 2 ) '■= (p(P\),P P -1 )- We define p(^#i) to be 

the Morita equivalence from (A <g> P L 2 , cr <S> id) to (D 2 , § 2 ), described by the following 
diagram: 

M\A ® F U,(r® id) — » M 3 ei (Pi,§{) 

(id®p)* 

M\A ® F L 2 , cr 9 id) — pU ^ > ,J^ El (D 2 , § 2 ) 

Proposition 3.3 (Change of Real Closure). With notation as above we have for every 
h 6 W(A, a), 

sign Jt\Qi ® Li) = signp(^#i)(/z ® L 2 ), 

in other words 

sign;* h = signf^ h. 
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Proof. The statement is trivially true when s\ = -1, by cases (b), (d) and (f) in Sec- 
tion |3.1[ so we may assume that s\ = l. Consider the diagram 



W(A ® F L u cr® id) 



(idigi(i)* 



W(A, cr) 



(id®!2)* 



(id®p)* 



W(A ® F L 2 ,cr<8)id) 



p(^i) 




W(D 2 ,& 2 ) 



The left triangle commutes by the definition of p. The square commutes by the defini- 
tion of p(^#i). The right triangle commutes since p*«l>,?i) = (1># 2 and by Remark [3TT1 
The statement follows. ■ 

Proposition 3.4 (Change of Morita Equivalence). Let <M\ and ^ 2 be two different 
Morita equivalences as in ©. Then there exists 5 e {-1,1} such that for every h e 
W(A,o-), 

signf l h = 5signf 2 h. 

Proof. Note that s\ = e^. The statement is trivially true when s\ = -1, by cases (b), 
(d) and (f) in Section 13.11 so we may assume that s\ = 1 . The two different Morita 
equivalences give rise to two different group isomorphisms 

m t : W(A ® F F P , cr ® id) ^ Z (z = 1,2), 

by ® and Remark [3TTI The map m\ o m^ 1 is an automorphism of Z and is therefore 
equal to id z or -id z . ■ 

Propositions 13.31 and 13.41 immediately imply 

Corollary 3.5. Let i\ : F — » L\ and i 2 : F — > L 2 be two real closures of F at P 
and let *4t\ and ^ 2 be two different Morita equivalences as in (O. Then there exists 
8 e {-1, 1} such that for every h 6 W(A, a), 

signfh = 6signfh. 

The following result easily follows from the properties of Morita equivalence: 

Proposition 3.6. 

(/) Let hbe a hyperbolic form over (A, cr), then 

signf h = 0. 

(ii) Let h\ and h 2 be hermitian forms over (A, cr), then 

signf(h ± h 2 ) = sig<% + signfh 2 . 
(Hi) The M-signature at (i, sign'f, induces a homomorphism of additive groups 

W(A, cr) — > Z. 
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(iv) Let hbe a hermitian form over (A, cr) and q a quadratic form over F, then 

signf(q <g> ft) = sign p q • sign^ ft, 
where sign p q denotes the usual signature of the quadratic form q at P. 

Definition 3.7. Let h be a hermitian form over (A, cr). From Definition 13 .21 and Sec- 
tion 13.11 it follows that sign; h is automatically zero whenever P belongs to the fol- 
lowing subset of X F , which we call set of nil-orderings: 



{{P eX F | Dp = F P x F P } if cr is unitary 

where the square brackets indicate that Nil[A, cr] depends only on the Brauer class of 
A and the type of cr. 

3.3. The //-Signature of a Hermitian Form. It follows from Corollary 13.51 that 
sign'f is uniquely defined up to a choice of sign. We can arbitrarily choose the sign of 
the signature of a form at each ordering P. See for instance Remark l3.13l for a way to 
change sign using Morita equivalence (scaling). 

A more intrinsic definition is therefore desirable, in particular when considering the 
total signature map of a hermitian form X F — » Z since such arbitrary changes of sign 
would prevent it from being continuous. We are thus led to define a signature that is 
independent of the choice of i and <M . 

Lemma 3.8. Let P e X F \ Nil[A, cr]. Let i\ : F — » L\ and i 2 : F — > L 2 be two 

real closures ofFatP and let and be two different Morita equivalences as in 
©• Let h £ W(A,a) be such that sign^ 1 h ± and let 6 k e {-1, 1} be the sign of 
sign;f /? for k =1,2. Then 



for all h e W(A,cr). 

Proof. Let 6 6 {-1, 1} be as in Corollary 13 .51 Then, we have for all h 6 W(A, cr) that 
sign;f 2 h = dsign;f' h and in particular that sign;f 2 h = £sign;f' h . It follows that 
<5i = 66 2 . Thus Si sign;f 1 h = 66 2 signf 1 h = 6 2 sign;f ft. ■ 

We will show in Theorem 16.41 that there exists a finite tuple H = (hi, . . . , h s ) of 
diagonal hermitian forms of rank one over (A, cr) such that for every P 6 X F \ Nil[A, cr] 
there exists h e // such that sign;^ /? ^ 0. 

Definition 3.9. Let ft e W(A, cr) and let P £ X F . We define the H -signature of hat P 
as follows: If Z 5 e Nil[A,cr], define sign^ ft := 0. If P $ Nil[A,cr], let i e {1, . . .,s} 
be the least integer such that sign'f ft, ± (for any 1 and M , cf. Corollary 13.51) . let 
6 L ^ G {—1, 1} be the sign of sign'f ft, and define 




if cr is orthogonal 
if cr is symplectic , 



61 signf ft 



£ 2 sign^ 2 ft, 



sign" ft := cy.^ sign ( ft. 
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Lemma [3781 shows that this definition is independent of the choice of i and ^# (but 
it does depend on the choice of H). 

A choice of Morita equivalence which is convenient for computations of signatures 
is given by © with {A, a) replaced by (A ®p F P , cr ® id). We denote this Morita 
equivalence by JV and now describe the induced isomorphisms of Witt groups: 

C P scaling . collapsing 

W(A ® F F P , cr ® id) — ^ W(M m (D P ), ad VP ) I W(M m (D P ), ftp 1 ) -^J W(D P , & P ) 

h ® F P i %* p (h ® F P ) i ^ %^ P (h ® F P ) i ^ JYQi ® F P ), 

(4) 

where h is a hermitian form over (A, cr), P e X F \ Nil[A, cr] (so that s P = 1), %* p is the 
group isomorphism induced by some fixed isomorphism 

%p : (A ® F F P , cr ® id) -A (M m (D P ), ad^), 

and Op is the Gram matrix of the form (p P . Observe that sign <p P can be computed as in 
Section O 

Lemma 3.10. Let P e X F \ Nil[A, cr], let i : F —* F P be a real closure of F and let jV 
and (f P be as above. Then sign t t/K (l) - = signup. 

Proof. We extend scalars from F to F P via i,{\) a i — > (l)a-®F P = ( 1 <g> 1 ) - 8 , id and push 
(1 ® l)o-®id through the sequence ©, 

(1 ® lWd I— » &«1 ® l)^ id ) = <&,(1 ® l)) aV = </ m ) aV I > 1»; 1 </ m )ad, i) = <OpV'- 

(Note that £p(l <g> 1) = I m , the m x m-identity matrix in M m (D P ) since £p is an algebra 
homomorphism.) By collapsing, the matrix O^ 1 now corresponds to a quadratic form 
over F P , a hermitian form over (F P ( V-T), -) or a hermitian form over (H P , -). In 
either case Op 1 is congruent to Op. Thus sign; 4 (l)o- = signup. ■ 

Remark 3.11. It follows from Lemma 13.101 that the signature defined in [3, §3.3, 
§3.4] is actually signp 7 with H = ((l)o-). It is now clear that this signature cannot be 
computed when sign, ' (l)^ = 0, i.e. when cr ® id Fp - ad^ is hyperbolic. In contrast, 
if we take H = (hi, . . . , h s ), as described before Definition 13 .91 we are able to compute 
the signature in all cases. Note that we may choose h\ = (l)o-, so that Definition 13 .91 
generalizes the definition of signature in [fJl §3.3, §3.4]. 

Example 3.12. Let (A, cr) = (M 4 (R), ad v ), where ^ = (1,-1,1,-1). Then signy> = 0. 
Consider the rank one hermitian forms 

h = l\ 1 -i I) ,h 1 =l[\ )) ,mdh 2 =' 



-l ^ 



over (A, cr). Then sign'^ h = -2, sign hi = and sign </K /? 2 = 4, where we suppressed 
the index i since R is real closed. Let Hi = (hi) and H = (hi,h 2 ), then sign 77 ' h is not 
defined, whereas sign 77 h = -2. Observe that taking H = (hi, -h 2 ) instead would result 
in sign 77 h = 2. 
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Remark 3.13. Let a e A x be such that cr(a) = sa with e e {-1,1}. The Morita 
equivalence scaling by a, 

MXA, cr) — > J4? S (A, Int(a) o cr), h \—> ah 

induces an isomorphism 

£ a ■ W(A, cr) — > W e (A, Int(a) o cr), h i— » ah. 

It is clear that 

sign, h = sign, " ah. 

Consider the special case where a e F x . Thus e = 1 and Int(a) o cr = cr. Assume 
that a < P 0. Then 

sign;^ £ a (h) = sign Jt{ah <S> F P ) = sign Jt{-h ®F P ) = - signf h, 

where the last equality follows from Proposition l3.6f n'Q. The same computation shows 
that signf £ a (h) = - signf h for any choice of H. Thus, scaling by a changes the sign 
of the signature, which is contrary to what is claimed in (21 p. 662]. 

Remark 3.14. For any choice of H, P and i as in Definition 13 .91 there exists a Morita 
equivalence such that signp/z = sign^ h for any h 6 W(A,cr) (i.e. such that 
sign'f hi > with /z, as in Definition 13.91) . Indeed, for M as in Definition 13.91 it 
suffices to take = 8 L ^^t . 

It remains to be shown that a tuple // as described just before Definition [3]9] does ex- 
ist. In order to reach this conclusion we first need to develop more theory in Sections |4] 
andEl 

4. Signatures of Involutions 

Let (A, cr) be an F-algebra with involution. Consider the involution trace form 

T a :AxA^K,(x,y)^ TvA A {a{x)y\ 

where Trd A denotes the reduced trace of A. If cr is of the first kind, 7V is a symmetric 
bilinear form over F. If cr is of the second kind, T a is a hermitian form over (K, cr\ K ). 
Let P 6 Xp. The signature of the involution cr at P is defined by 

sign P cr := A/sign P 7V 

and is a nonnegative integer, since sign P 7V is always a square; cf. Lewis and Tignol 
lfl5l for involutions of the first kind and Queguiner lfT8l for involutions of the second 
kind. We call the involution cr positive at P if sign p cr + 0. 

Example 4.1. 

(J) Let (A, cr) = (M n (F), t), where t denotes transposition. Then T a n 2 x(l). Hence 

sign P cr = n for all P £ X F . 
(ii) Let (A,cr) = {{a,b) F ,-), where - denotes quaternion conjugation. Then 7V - 
(2) <g> (1, -a, -b,ab). Hence sign P cr = 2 for all P 6 Xp such that a< p 0,KpO 
and sign P = for all other P 6 Xp. 
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{Hi) Let {A, a) = (F(Vd),-), where - denotes conjugation. Then T a ^ (l)o-- We 
have sign P (l) cr = ^ sign P (l, -d), cf. |[T9l Chapter 10, Examples 1.6(iii)]. Hence 
sign p cr = for all P e X F such that d > P and sign p <x = 1 for all P e X F such 
that d < P 0. 

Remark 4.2. Let (A, cr) and (B, r) be two F-algebras with involution. 

(/) Consider the tensor product (A® F B, cngir). Then 7V 0T ^ TV® TV and so sign P (cr<g> 

r) = (sign P cr)(sign P r) for all P e X F . 
(ii) If (A, cr) ^ (5, t), then T a ^ TV so that sign p cr = sign p r for all P e X F . 

Remark 4.3. Pfister's local-global principle holds for algebras with involution (A, cr) 
and also for hermitian forms h over such algebras, lfT6ll . 

Remark 4.4. The map signer is continuous from X F (equipped with the Harrison 
topology, see lfT2l Chapter VIII 6] for a definition) to Z (equipped with the discrete 
topology). Indeed: define the map V~ on Z by setting = —1 if A: is not a square 
in Z. Since Z is equipped with the discrete topology, this map is continuous. Since 
To- is a symmetric bilinear form or a hermitian form over (K, ct\k), the map sign 7V 
is continuous from X F to Z (by H2, VIII, Proposition 6.6] and [19, Chapter 10, Ex- 
ample 1.6(iii)]). Thus, by composition, signer = -^signT^ is continuous fromX P to 
Z. 

Lemma 4.5. Let P e X F . IfP e Nil[A, cr], then 

sign p cr = sign<^ P = 0. 

Otherwise, 

sign P cr = A P \sign(fp\, 

where A P = 1 if {D P ,§ P ) = (F P ,id Fp ) or (£> P ,# P ) = (F P (^fl),-) and A P = 2 if 
(D P ,& P ) = (H P ,-). 

Proof. This is a reformulation of |fl"5l Theorem 1] and part of its proof for involutions 
of the first kind and |[T8l Proposition 3] for involutions of the second kind. ■ 

Lemma 4.6. Let (M, h) be a hermitian space over (A, cr), let P e X F , let i : F — » F P be 
a real closure ofF at P and let ^# be a Morita equivalence as in ©. IfP 6 Nil[A, cr], 
then 

sign p ad ft = sign;^ h = 0. 

Otherwise, 

sign P ad/, = A P \signf h\, 
with A P as defined in Lemma l?31 In particular, 

sign; # h = <=> sign P ad/, = 0. 

Proof. Assume first that P e Nil[A,cr]. Then sign;^/z = 0. Consider the adjoint 
involution ad^ on EndA(M). Since h is hermitian, cr and ad/, are of the same type. 
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Furthermore, A and End A (M) are Brauer equivalent by IfTTl 1.10]. Thus Nil[A, cr] = 
Nil[End A (M), ad/,]. By Lemma [431 we conclude that sign p ad/, = 0. 

Next, assume that P e X F \ Nil[A, cr]. Without loss of generality we may replace F 
by F P . Consider a Morita equivalence 

Jt' : MA,cf) — > Jt{p,&) 

with (D, 0) = (F, id), (D, 0) = (H, -) or (D, 0) = (F( V 3 !), -). Let (N, b) be the her- 
mitian space over (D, •&) corresponding to (M, h) under J%' . Then sign^ h = signZ?. 
By B2l Remark 1.4.2] we have (End A (M), ad /; ) {End D {N), ad fo ) so that signad /t = 
signad^. By [[T5l Theorem 1] and |[T8l Proposition 3] we have sign ad/, = /i|sign£| 
with A = 1 if (D, 0) = (F, id) or (D, f) = (F( V 3 !), -) and A = 2 if (D, ??) = (H, -). 
We conclude that sign ad/, = /I |sign h\ = A |sign where the last equality follows 
from Corollary 13 .51 ■ 



5. The Knebusch Trace Formula for M-Signatures 

We start with two preliminary sections in order not to overload the proof of Theo- 
rem [5J] below. 

5.1. Hermitian Forms over a Product of Rings with Involution. Let 

(A,cr) = (Ai.o-i)x •••x(A„(t,), 

where A, Ai, . . . , A, are rings and cr, cry, . . . ,cr t are involutions. We write an element 

a e A indiscriminately as (au ■ ■ • , «?) or a\ -\ Ya t with a,- 6 A,- for i = \,...,t. Writing 

I A = (ei, . . . , e,), the elements ei, . . . , e t are central idempotents, and the coordinates 
of a e A are given by 

A — > Ay x • • • x A t , a i — > (aei, . . . , ae t ). 

Note that = whenever i ± j. We assume that cr(l) = 1 and thus cr(e,) = d for 
i = l,...,t 

Let M be an A-module and let h : M x M — » A be a hermitian form over (A, cr). 
Following [|9l Proof of Lemma 1.9] we can write 

t 

M = M Me,-, m = (mei , . . . , me,), 

i=l 

where JJ- =1 Me ; is the A-module with set of elements YlUi Me\, whose sum is de- 
fined coordinate by coordinate and whose product is defined by (m^i, . . . ,m,e,)a = 
(m.\e\a\, . . . , m t e t a t ) for m\, . . . ,m, e M and a e A. 
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Define h t = h\ Me .. Then /^(xe^ye,) = <x(e,)/z(x, y)e t = h(x,y)ej = h(x,y)ej and 
hj : Me,- x Me,- — » A,- is a hermitian form over (A,-, cr,). We also have 

/i(xei + • • • + xe t , ye\ + • • • + ye t ) = ^ /z(xe,-,;ye ; )e,-e y - 

Uj=i 
t 

= ^hixeuyedei 
i=i 

which proves that h = hi ± . . . ± h,. 

5.2. Algebraic Extensions and Real Closures. We essentially follow |[T9l Chapter 3, 
Lemma 2.6, Lemma 2.7, Theorem 4.4]. 

Let Pel f and let Fp denote a real closure of F at P. Let L be a finite extension 
of F. Writing L = F[X]/(R) for some R e F[X] and i? = Ri ■ ■ R, as a product of 
pairwise distinct irreducibles in Fp[X] with degT?! = • • • = degR r = 1 and deg7? r+i = 
• • • = degR t = 2, we obtain canonical Fp-isomorphisms L® F F P ^ Fp[X]/(i?! • • -R t ) 
and 

L <8>p Fp —> Fi x ■ ■ ■ x F t , (5) 

where F, = F P [X]/(Rj) is a real closed field for 1 < i < r and is algebraically closed 
for r + 1 < i < t. We write 1 = (e\, . . . ,e t ) in F\ x • • • X F t and define a>i(x) = u)(x)ej 
for x e L <8> F F P , the projection of co(x) on its z'-th coordinate. 

Let lq : Fp —* L ® F F P be the canonical inclusion. Then ojj o to : Fp — » F, is an 
isomorphism of fields and of Fp-modules for 1 < i < r. In particular, for 1 < i < r, 
Fj is naturally an Fp-module of dimension one, and it is easily seen that Tr Fi /F P = 
(a>i o to) -1 . It follows that Tr F ./ Fp is an isomorphism of fields. 

Let ti : L — » L® F F P be the canonical inclusion. Then co, ■ o n : L —> F { (i = 1, . . . , r) 
denote the r different embeddings of ordered fields corresponding to the orderings Qj 
on L that extend P. In other words, if {Q\, . . . , Q r } are the different extensions of P to 
L, then for every 1 < i < r, the map 

L — L <S)p Fp — > F ; 

is a real closure of L at <2/. Since Tr Fi / Fp is an isomorphism of fields, it follows that the 
map 

L s- L <8>p Fp s- F, ^ Fp 

is also a real closure of L at Q,. 

5.3. The Knebusch Trace Formula. Let (A, <x) be an F-algebra with involution. Let 
L/F be a finite extension. The trace Tr L / f : L — » F induces an A-linear homomorphism 

Tr A8f L = idA <S> Tr L/ p : A <8>p L — > A 

which induces a group homomorphism (transfer map) 

Tr*^ L : W(A ® f L,(t® id) — » W(A, tr), (M, fc) ^ (M, Tr Ac5fL o /i), 
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cf. flUp. 362]. 

The following theorem is an extension of a result due to Knebusch [8, Proposi- 
tion 5.2], lfP9l Chapter 3, Theorem 4.5] to F-algebras with involution. The proof fol- 
lows the general lines of Knebusch's original proof. 

Theorem 5.1. Let P e X F . Let L/F be a finite extension of ordered fields and let h be 
a hermitian form over (A ® F L,o~ <8> id). Fix a real closure i : F — » Fp and a Morita 
equivalence ^# as in ©. Then, with notation as in Section \5?2\ 



signf (Tr^) = £ sign^ )( ^/z. 



i=1 

Proof. By definition of signature we have 

signf (Tr* A ^ L h) = sign^[(Tr^)® F F P ]. 
Consider the commutative diagram 

Tr L/ f 



(6) 



L® F Fp - 
It induces a commutative diagram 

A ® F L — 



Tr, 



L®F P /F P 



-F 
F P 



TrA®L 



®pFp 



®fFp 



id A ®Tv L8Fp/Fp 

A® F L® F F P 3- A ® F F P 

which in turn induces a commutative diagram of Witt groups 

Tr* 



W(A ® F L,cr® id) 



W(A, cr) 



(id A «Tr L0 f if )* 

W(A <g> F L ® F F P , cr ® id <8> id) W(A ® F F P , cr <g> id) 

where the vertical arrows are the canonical restriction maps. Thus 

sign ^[(Tr* As>FL h) ® F F P ] = sign [(id A <g> Tv mFplFp )*{h ® F F P )]. 
With reference to Section I5T21 consider the diagram 



(7) 



A <8> F L ® F F P 

id A ®, 

A ® F F P 



id A ®w 



id A ®FTrL®Fp/F P 
id 



A <g> F (Fj X • • • X F t ) 



id A &Tl Fl x-xF t /Fp 



A® F F P 



(A ® F Fi) X • • • X (A ® F F t ) 

X' M id A ®Tr F . tFp 
A® F Fp 
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where commutativity of the first square follows from the isomorphism © of F P - 
algebras, whereas commutativity of the second square follows from 0] p. 137]. We 
push h <g> F P through the induced commutative diagram of Witt groups: 

h ® F P i 3- h i >- h[± ... ±h t 



(idU ® Tr teFWFp )*(/* ® F P ) i ZLi(idA ® Tr Fl ,F P nfy 

where the image of h! equals the orthogonal sum h\ ± . . . -L h\ by Section 1570 Thus 

t 

sign ^[(id A ® Tr teFp/Ff )*(h ® F F P )] = ^ sign ^[(id A ® Tr Fj/Fj ,)*(^)]. (8) 

i=i 

We have to consider the following two cases: 

Case 1: Assume that 1 < i < r. Observe that h\ = (id A ® o ti))*(/i). Then 

sign ^[(id A ® Tt Ft /F p y(K)] = sign [(id A ® (Tr F . /Fp ))* o (id A ® (a* o 

The form (id A <S> (a»,- o is defined over A ® F i 7 ,, and the commutative diagram 



together with Proposition 13.31 gives 

sign^[(id A ® (Tr F/Fp ))* o (id A ® (coi o 

= sign(a;,- o t )(^)[(id A ® ( Wj o n))*(hy\ (9) 

Case 2: Assume that r + 1 < i < t. Since F, is algebraically closed, it follows from 
Morita theory that the Witt group W(A <8> F F u a ® id) is torsion and so h\ is a torsion 
form. Therefore (id A <8> Tr F| ./ Fp )*(/?•) is also a torsion form and thus has signature zero. 

We conclude that equations ©-(O yield the Knebusch Trace Formula. ■ 

6. Existence of Forms with Nonzero Signature 

Theorem 6.1. Let (A, cr) be an F -algebra with involution and let P e X F \ Nil[A, o~]. 

Fix a real closure i : F — » Fp and a Morita equivalence ^ as in ©. There exists a 
hermitian form h over (A, o~) such that sign;^ h # 0. 

Proo/ Let P eX F \ Nil[A, cr]. Then A <g> F F P M m (D P ) for some m e N, where D P = 
F P , Hp or F P ( V 3 !) if cr is orthogonal, symplectic or unitary, respectively. In each 
case there exists a positive involution r on M m (D P ) (namely, transposition, conjugate 



transposition and quaternion conjugate transposition, respectively, cf. Example 14.11) . 
By Lemma [4~6l the hermitian form (1) T over (M m (D P ), r) has nonzero signature since r 
is the adjoint involution of the form (1) T . After scaling we obtain a rank one hermitian 
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form ho over (A ® F F P , cr <S> id) such that sign ^(h ) ^ by Proposition 13 .41 The form 
h is already defined over a finite extension L of i(F), contained in F P . Thus we can 
consider h as a form over (A ® F L, cr ® id) and we have sign ^(h Q ® F P ) ± 0. In other 
words, if Qi is the ordering L n F p 2 on L, then for any real closure K\ : L — » Li of L at 
<2i and any Morita equivalence as in ©, but starting from M\A ® F L\, cr® id), we 
have 

signf 1 fc * 

by Corollary 13 .5 1 

Let X = {Q £ X L \ P c Q). By El Chapter 3, Lemma 2.7], X is finite, say 
X = {Qi, Q 2 , QA- Thus there exist a 2 , ■ ■ ■ ,a r e L x such that 

(Ql}=fl(fl 2 ,..,flr)nX 

Consider the Pfister form q := ((a 2 , . . . , a r )) = (l,a 2 )<8>- • -®(\,a r ). Then sign G] q = 2 r_1 
and sign 2f q = for £ ± 1. It follows that sign;^ 1 (g ® /z ) = sign 2i g • sign^ 1 h ^ and 
sign^(g <8> /? ) = for £ # 1, where Kt : L — > is any real closure of L at <2^ and 
is any Morita equivalence as in ©, but starting from M{A ® F L c ,cr® id). 

Now Tr^, L (# <S> ho) is a hermitian form over (A, cr). By the trace formula, Theo- 
rem |5TTJ we have 

r 

signf Tf mfL {q ® ho) = J] sign^;° x -^(4 ® h ) = sign^f^iq ® h Q ) * 0. 

!=1 

Taking h := Tr^ L (<? <g> h ) proves the theorem. ■ 

Corollary 6.2. Let (A\,cr{) and (A 2 ,cr 2 ) be F -algebras with involution of the same 
type. Assume that A \ and A 2 are Brauer equivalent. Let P e X F , let i : F — » Fp Z?e 
a rea/ closure of F at P and let be any Morita equivalence as in ©, but starting 
from M\Ai ® F Fp, o~ e ® id) for i = 1,2. Then the following statements are equivalent: 

(i) sign;^ 1 h = Ofor all hermitian forms h over (A\, cry); 

(ii) s\gYi~f 2 h = Ofor all hermitian forms h over (A 2 , cr 2 ); 

(Hi) sign P -& = Ofor all involutions ■& on A\ of the same type as o~\; 
(iv) sign P # = Ofor all involutions & on A 2 of the same type as o~ 2 . 

Proof. By Theorem 16. 1[ the first two statements are equivalent to P e Nil[A ^crj] = 
Nil[A 2 , cr 2 ]. Thus (i) <=> (ii). 

(i) => (Hi) Let # be as in (Hi). Then & = ad^ and # = Int(a) o cr x for some invertible 
a e Sym(Ai,cr!). Thus, with notation as in Remark 13. 131 and using Lemma l4T6l and 
Proposition 13 .41 we have for any Morita equivalence 

sign P & = A P \ signfa^l 

= A P \ signf°^C 1 «l> 1? )l 
= A P \ signf C\(^h)\ 
= A P \ signfia-XA 
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which is zero by the assumption. 

(ii) => (z'v): This is the same proof as (z) => (z'z'z) after replacing (A l5 o^) by (A 2 , cr 2 ). 

For the remainder of the proof we may assume without loss of generality that A 2 is 
a division algebra and that A\ - M m (A 2 ) for some m e N. 

(z'z'z') => (z'v): Let # be any involution on A 2 . By the assumption, sign P (f <g> &) = 0, 
where f denotes the transpose involution. Since tis a positive involution, it follows that 
sign p # = 0, cf. Remark I4~2l 

(z'v) => (z'z): The assumption implies that sign;^ 2 /z = for every hermitian form h of 
dimension 1 over (A 2 ,o- 2 ), which implies (z'z) since all hermitian forms over (A 2 ,cr 2 ) 
can be diagonalized. ■ 

Remark 6.3. Note that statement (Hi) in Corollary 16.21 is equivalent to: sign; ' h = 
for all diagonal hermitian forms h of rank one over (A l5 a{). 

Theorem 6.4. Lef (A, cr) an F -algebra with involution. There exists a finite set 
H = {h\, . . . ,h s ) of diagonal hermitian forms of rank one over (A, cr) such that for 
every P e X F \ Nil[A, cr], real closure i : F — » F P and Morita equivalence M as in © 
there exists h e H such that sign;^ h # 0. 

Proof. For every P e X F , choose a real closure ip : F — » and a Morita equivalence 
as in ©. By Corollary 13.51 we may assume without loss of generality and for the 
sake of simplicity that the map i P is an inclusion. The algebra A ® F F P is isomorphic 
to a matrix algebra over D P , where D P e {F P , H P , F P ( V-T), F P x Fp}. There is a finite 
extension Lp of F, L P c Fp such that A ® f Lp is isomorphic to a matrix algebra over 
Fp, where Fp e {L P , (-1, -l) Lp ,Lp( V-T),Fp x F P }, and F extends to L P . Let 

C/p := {Q 6 X f | 2 extends to L P }. 

Since F e U P we can write 

X F = |J Up. 

PeX F 

We know from Chapter 3, Lemma 2.7, Theorem 2.8] that sign G (Tr^ p/F (l» is the 
number of extensions of Q to L P . Thus, 

t/p = (sign(Trl /j/F <l)))' 1 ({l,...,/c}), 

where k is the dimension of the quadratic form Tr* Lp , p (l), and so U P is clopen in X P 
(and in particular compact). Therefore, and since X F is compact, there exists a finite 
number of ordering s Pi, . . . , Pi in X F such that 

e 

Xf = {J U Pr 

Now let P e {P 1? . . . ,P ( ] and let L P be as before. By Theorem 16.11 we have that 
for every Q 6 U P \ Nil[A,<x] there exists a hermitian form h Q over (A,cr) such that 
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sign tg e h Q ± 0. By Corollary 16.21 and Remark [6731 we may assume that h Q is diagonal 
of rank one. Consider the total signature map 

^ :X F ^Z, sign;f h Q . 

Then 

[/p\Nil[A, C r]= [j fi- Q \Z\{0}). (10) 

Qef/ P \Nil[A,o-] 

Consider the continuous map 

Ap '. Xl p — > X F ,R i — > R n F. 

We have Q e U P \ Nil[A, cr] if and only if some extension Q' of Q to L P is in X Lp \ 
Ki\[A® F L P , cr®\&] (this follows from the fact that the ordered fields (F, Q) and (L P , Q) 
have a common real closure) if and only if Q e A(X Lp \ Nil[A ® F L P , cr ® id]). 

We observe that X Lp \ Nil[A ® F L P , cr <8> id] is clopen and compact since Nil[A ® F 
L P , cr <g) id] is either or the whole of X Lp , which follows from the fact that A ® F L P is 
a matrix algebra over one of L P , (-1, -1)l p , L p ( V-T), L p x L p . 

Hence, 

Up \ Nil[A, cr] = A(X Lp \ Nil [A ® F L P , cr ® id]) 

is compact and thus closed. Thus U P n Nil[A,<x] is open in U P . Using (flOl) we can 
write 

Up = (C/p n Nil [A, cr]) U [J ^(Z \ {0}). 

Qe{/ P \Nil[A,o-] 

Now iTq(2, \ {0}) = (sign ad / , e )^ 1 (Z \ {0}) by Lemma |4~6l which is open since sign ad/, e 
is continuous by Remark 14741 Thus, since Up is compact, there exist Q\,...,Q t 6 
Up \ Nil[A,cr] such that 

t 

Up = (Up H Nil[A, cr]) U [j^d \ {0}). 

(=i 

In other words, for every Q € U P \ Nil[A, cr] one of sign^ e h Qt (i = 1 , . . . , t) is nonzero. 
Now let Hp = {h Ql h Qt \. Letting H = \J i=l H P[ finishes the proof. ■ 

Corollary 6.5. Let (A, cr) be an F -algebra with involution. The set Nil[A, cr] is clopen 
in X F . 

Proof. By Theorem [674] we have Nil [A, cr] = (~} s i=l {P e X F \ sign;f p h t = 0}. The result 
follows from Lemma l4.6l and Remark l4.4[ ■ 

At this stage we have established all results that are needed for the definition of 
the //-signature in Definion 13.91 In the final two sections we show that the total H- 
signature of a hermitian form is continuous and we reformulate the Knebusch Trace 
Formula in terms of the //-signature. 
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7. Continuity of the Total //-Signature Map of a Hermitian Form 

Let hbe a hermitian form over (A, a). With reference to Definition 13.91 we denote 
by sign" h the total //-signature map of h: 

X F — > Z, P i— » sign?/?. 

Lemma 7.1. Let H = (h\, . . . ,h s ) be as in Definition 13.91 There is a finite partition of 
X F into clopens 

t 

X F =Nil[A, ( r]u|jz i , 

such that for every i G { 1, . . . , €} one of the total H-signature maps sign 77 hi, . . ., sign" h s 
is constant non-zero on Z ; . 

Proof. For r = 1 , . . . , s, let 

Y r :={PeX F | sign? /i f = 0, z = l,...,r}. 

By Lemma |4~6l we have 

r 

y r = e X F | signpad/,, = 0}. 
i=\ 

Thus each F r is clopen. 

We have F := X F 2 Yi 2 • • • □ 2 7, = Nil[A, cr] and therefore, 

X F = (Y \ Y0 U(Y l \ Y 2 ) U • • ■ U(y,_! \ 7,.) U Nil [A, tr]. 

Let r G {0, . . . , s - 1} and consider Y r \ Y r +\. By the definition of Y\, . . . , Y s the map 
sign^ h r+ i is never on Y r \Y r+ i . Furthermore, since the rank of h r+l is finite, sign^ h r+ \ 
only takes a finite number of values k\, . . . , k m . 
Now observe that there exists a A e {1,2} such that 

sign ff h^i = - signad /lr+1 
A 

on Y r \ y r+1 . This follows from Lemma l4~6l and Definition 13 .91 for P e Y r \ Y r+i . 
Therefore, 

(sign^^!)" 1 ^) n {Y T \ Y r+1 ) = (signad^J- 1 ^) n (7, \ 7 r+1 ), 

which is clopen by Remark [4T4l It follows that Y r \ Y r+ \ is covered by finitely many 
disjoint clopen sets on which the map sign ff /i r+1 has constant non-zero value. The 
result follows since the sets Y r \ Y r+ \ for r = 0, . . . , s - 1 form a partition of X F \ 
Nil[A,cr]. ■ 

Theorem 7.2. Let hbe a hermitian form over (A, cr). The total H-signature ofh, 

sign" h : X F — > Z, P i— » sign? /z 

Z5 continuous. 
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Proof. We use the notation and the conclusion of Lemma PTTTT Since Nil[A, <x] and 
the sets Z, are clopen, it suffices to show that (sign 77 h)\ Zj is continuous for every i = 
I,. ..J. 

Let i 6 {1, . . . , £}, ki e Z \ {0} and j e {1, . . . , s} be such that sign 77 hj = k t on Z,. Let 
ieZ. Then 

((sign 77 h)\ z y\k) = {Pe Z, | sign£ h = k) 

= {P e Zi | ^ signp h = k-k\ 

= {P e Z ( - | signp h = k sign 7 / ft,-} 

= {P e Z | signp (^ xh ±kx hj) = 0}. 

It follows from Lemma |4~6l that 

((sign 77 /?)^,)^) = {P e Zi | sign P ad^x/^x/^ = 0}, 
which is clopen by Remark [4~4l ■ 



8. The Knebusch Trace Formula for //-Signatures 

Theorem 8.1. Let H = (h\, . . . ,h s ) be as in Definition ^. 91 Let P e X F . Let L/F be a 

finite extension of ordered fields and let h be a hermitian form over (A ®p L,cr ® id). 
Then, with H ® L := (h\ ® L, . . . ,h s <8> L), we have 

sign^Tr^/O = J] sign***- 
Proof. By Theorem 15. II (and using its notation), we know that 



sign^(Tr^) = 2signSC )( ^/i, 



for any i and Fix a real closure f : F —* F P and choose a Morita equivalence ^# 
such that sign; 4 ' = signf (cf. Remark EH]). We only have to check that sign^;°J o)( ^ r) = 
sign 7 ^ for / = l,...,r. 

By definition of there is a e { 1 , . . . , s} such that sign;^ hj = for 1 < j < k - 1 
and sign; 4 ' fc 4 > 0. To check that sign^°; o)( ^ } = signf 57 " for i = 1, . . . , r, it suffices to 

check that sign^°; o)( ^\hj ® L) = for j = 1, . . . ,k - 1 and sign^^fe ® L) > 0. 
This follows from the fact that 

sign%£f^\h € ® L) = sign;^ ^ for every 1 < € < s, 

which we verify in the remainder of the proof. 
By definition, 

signj^*^ 9L) = signCw, o t )(^)[(id A <8> (<y f o tl ))*fa O L)]. 
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Consider the commutative diagram 



F P 



L ®f Fp 



F 




L 



L ® F F P 



id 



Thus, by Proposition [331 

sign(w,- o i )O#)[(id A <8> (cu, o L X ))*{h t ® L)] = sign(cu ; - o t )(^#)[(id A <g> (fo t o (o o i))*(^)]- 
Finally the commutative diagram 



together with Proposition 13 .31 yields 

sign(<x», o i Q )(J?)[(id A <g> (w, o i ° 0)*(M1 = sign^[(id A t)*(^)l = sign;^ ^, 



The authors wish to thank the referee, whose comments helped improve the original 
version of this paper. 
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